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Abstract
The paper is devoted to the study of the following question: when does a k-dimensional subset of
R
n (0 < k < n) contain a set homeomorphic to a k-dimensional disk.  2002 Elsevier Science B.V.
All rights reserved.
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Introduction
It is well known that in the case n= 2k+ 1 the k-dimensional Menger subset Mnk of Rn
is a universal k-dimensional space; i.e., any separable metric space the dimension of which
is not greater than k could be embedded into Mnk . Moreover M.A. Shtanko proved that any
k-dimensional compact subset of Rn is embeddable in Mnk .
We decompose Mnk in two subsets denoted by C
n
k , F
n
k and for any k-dimensional subset
X of Rn and its embedding f in Mnk consider the following sets:
X1(f )= f (X) ∩Cnk ,
X2(f )= f (X) ∩Fnk .
The pair (X1(f ),X2(f )) will be called the representation of X, associated with the
embedding f .
We exploit this representation to study the following question: when does a
k-dimensional compact set in Rn contain a subset homeomorphic to Ik = [0,1]k? We find
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a sufficient condition (Theorem 9) and show that in the case n < 2k it is necessary (Theo-
rem 10).
Recall that for any subset X of Rn equality dimX = n holds if and only if X has
a nonempty interior in Rn, in other words each n-dimensional compact subset of Rn
contains a subset homeomorphic to In. For k-dimensional subsets of Rn (k < n) the similar
statement fails. Pontryagin constructed in [1] two compact subsets of Rn such that the
dimension of their Cartesian product is less than the sum of their dimensions. This example
implies the existence of a k-dimensional compact subset of Rn any subset of which is not
homeomorphic to Ik .
1. Definition and elementary properties of the dimension
1.1. To any regular space X one assigns the dimension of X, denoted by indX. The
dimension function ind is defined by the following conditions:
(i) for any regular space X
indX ∈ {−1} ∪ {0} ∪N∪ {∞};
(ii) the equality indX=−1 holds if and only if X = ∅;
(iii) if there exists a base U of X such that
ind ∂U  n− 1 ∀U ∈ U
then indX  n.
There exists the other dimension function dim defined for any normal space (so-called
the covering dimension). However, these dimension functions coincide in the class of all
separable metric spaces. In what follows we shall consider only subsets of Rn. Obviously
they belong to this class. So it will be suitable to exploit dim for the notation of the
dimension function.
The following statement will be useful to us in further considerations.
Lemma 1 (see [2]). Let Y be a subset of a separable metric space X. Then inequality
dimY  n holds if and only if there exists a base {Ui}∞i=1 for X such that
dim ∂Ui ∩ Y  n− 1 ∀i ∈N.
1.2. Now we recall some basic properties of the dimension stated, for example, in [2].
Proposition 2. If spaces X and Y are homeomorphic then dimX = dimY .
Proposition 3. If Y ⊂X then dimY  dimX.
Theorem 4. If a separable metric space X can be represented as a denumerable union of
Fσ -subsets the dimensions of which is not greater then k then dimX  k.
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Theorem 5. If f :X → Y is a closed mapping of a separable metric space X to a
separable metric space Y and there exists an integer k  0 such that dimf−1(y)  k
for any y ∈ Y , then dimX− dimY  k.
2. Structure of Mnk
2.1. We begin with the definition of Mnk . Decompose In by 3n cubes the vertices of which
lie in the set
{0,1/3,2/3,1}n.
Consider the cubes having the empty intersections with the k-dimensional faces of In
and move off their interiors. Denote the obtained set by mnk(In). It is a finite union of
n-dimensional cubes with nonintersecting interiors.
The similar construction is well defined for any finite family of n-dimensional cubes
with nonintersecting interiors. Define
Mnk (1)=mnk
(
In
)
,
Mnk (i + 1)=mnk
(
Mnk (i)
) ∀i ∈N
and
Mnk =
⋂
i∈N
Mnk (i).
Each Mnk (i) is compact. Therefore M
n
k is compact.
Proposition 6 (see for instance [2]). dimMnk = k.
The set Mnk is called the k-dimensional Menger subset of Rn. It is easy to see that
Mnn = In and Mn0 is the Cartesian product of n copies of the Cantor set C.
2.2. Now we give another definition of Mnk . To introduce it we exploit the ternary number
system.
First consider the Cantor set C. In the ternary number system any x ∈ I is represented
as a sequence {xi}i∈N of the numbers 0, 1 and 2. An immediate verification shows that we
have x ∈M10 (i) if and only if xi = 0 or xi = 2. Therefore, we have x ∈ C =M10 if and only
if one of these equations holds for any i ∈N.
Consider the case n > 1. Denote by N nk the family of all subsets J of the set {1, . . . , n}
such that |J | = k (here |J | is the number of elements in the set J ). In the ternary number
system
x = (x1, . . . , xn) ∈ In
is represented as a family of n sequences {xji }i∈N (j = 1, . . . , n) of the numbers 0, 1 and 2.
We have x ∈Mnk (i) if and only if there exist J (r) ∈N nn−k for r = 1, . . . , i , such that
x
j
r = 0 or xjr = 2 ∀j ∈ J (r) and r = 1, . . . , i. (1)
36 S.I. Maksimenko et al. / Topology and its Applications 119 (2002) 33–39
Therefore, we have x ∈Mnk if and only if for any i there exists J (i) ∈ N nn−k such that
x
j
i = 0 or xji = 2 for all j ∈ J (i).
2.3. Say x ∈Mnk is of finite order if there exists m ∈N satisfying the following condition:
∃J ∈N nn−k : xji = 0 or xji = 2 ∀j ∈ J, i m. (2)
By the order of x ∈Mnk we mean the least m which complies with (2) in the case when x
is of finite order, or ∞, otherwise. The order of x we denote by ord(x).
For any i ∈N define
Cnk (i)=
{
x ∈Mnk | ord(x)= i
}
.
Then {Cnk (i)}i∈N is a family of nonintersecting compact sets.
Let
J = {j1, . . . , jk} ∈N nk
and
a = (a1, . . . , ak) ∈Rk.
Denote by lJ (a) the intersection of In with the (n− k)-dimensional plane defined by the
following condition:
xj1 = a1, . . . , xjk = ak.
It is easy to see that the set lJ (a) a homeomorphic to In−k .
An immediate verification shows us that
Cnk (1)=
⋃
J∈N nn−k
⋃
a∈Cn−k
lJ (a), (3)
where Cn−k is the Cartesian products of n− k exemplars of the Cantor set C. Moreover,
each Cnk (i) (i  2) could be represented as a finite union of sets homeomorphic to Cnk (1).
Propositions 2 and 3 imply that
dimCnk (i)= k ∀i ∈N. (4)
2.4. Define
Cnk =
⋃
i∈N
Cnk (i)=
{
x ∈Mnk | ord(x) <∞
}
,
F nk = Mnk \Cnk =
{
x ∈Mnk | ord(x)=∞
}
.
Then Cnk and F
n
k are Fσ -subset and Gδ-subset of M
n
k , respectively. It is not difficult to see
that they are everywhere dense in Mnk .
Proposition 7. dimCnk = k.
Proposition 8. dimFnk  n− k − 1.
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Proof of Proposition 7. It is a consequence of Eq. (4) and Theorem 4. ✷
Proof of Proposition 8. In the case n= 1 our statement is trivial. Indeed F 10 = ∅.
Assume that dimFn−1k  n− k − 2 and prove that our inequality holds. An immediate
verification shows that for any i ∈ {1, . . . , n}, a ∈ C the intersections li(a) ∩ Mnk and
li(a) ∩ Fnk are homeomorphic to Mn−1k and Fn−1k , respectively. The inductive hypothesis
implies the following inequality:
dim li(a)∩ Fnk  n− k − 2 ∀i ∈N, a ∈ C. (5)
Denote by U the family of all n-dimensional parallelepipeds the vertices of which lie in
the set Cn. Theorem 4 and Eq. (5) show that
dim ∂ U ∩ Fnk  n− k − 2 ∀∆ ∈ U .
Note that the family {Int∆∩Mnk }∆∈U is a base for Mnk and our inequality is a consequence
of Lemma 1. ✷
3. Representations and k-dimensional compact subsets of Rn containing a set
homeomorphic to Ik
3.1. Let X be a k-dimensional compact subset of Rn and f be an embedding of X in Mnk .
We can restrict ourselves by the case n 2k+ 1 since any k-dimensional separable metric
space could be embedded in R2k+1. Define
X1(f )= f (X) ∩Cnk ,
X2(f )= f (X) ∩Fnk .
The pair
X(f )= (X1(f ),X2(f )
)
will be called the representation of the set X associated with the embedding f .
Now we show that k-dimensional compact subsets ofRn containing a set homeomorphic
to Ik could be characterized in the terms of representations.
Theorem 9. Let X be a k-dimensional compact subset of Rn and there exists a repre-
sentation X(f ) of X such that
dimX1(f )= k. (6)
Then X contains a subset homeomorphic to Ik .
38 S.I. Maksimenko et al. / Topology and its Applications 119 (2002) 33–39
Theorem 10. Let X be a k-dimensional compact subset of Rn containing a set
homeomorphic to Ik . Then in the case n < 2k the Eq. (6) holds for any representationX(f )
of X.
3.2. Proof of Theorem 9. First we show that Theorem 9 is a consequence of the
following
Lemma 11. Let Y be a k-dimensional compact subset of Cnk (1). Then Y contains a set
homeomorphic to Ik .
Each Cnk (i) can be represented as a finite union of subsets homeomorphic to C
n
k (1).
Therefore
Cnk =
⋃
i∈N
Cnk (i)=
⋃
i∈N
Ci,
where any Ci is homeomorphic to Cnk (1). Let Yi = Y ∩ Ci . Then Y =
⋃
i∈N Yi and
Theorem 4 guarantees the existence of i ∈ N such that dimYi = k. This implies that our
statement is a consequence of Proposition 2 and Lemma 11.
3.3. Proof of Lemma 11. For any J in N nn−k define
CJ =
⋃
a∈Cn−k
lJ (a).
Eq. (3) shows that
Cnk (1)=
⋃
J∈N nn−k
CJ .
Let YJ = Y ∩CJ . Then
Y =
⋃
J∈N nn−k
YJ .
For any J ∈N nn−k the set YJ is compact and Theorem 4 implies the existence of J ∈N nn−k
such that dimYJ = k.
Prove that the set Y = YJ contains a subset homeomorphic to Ik . Consider the
projection p of YJ onto (n − k)-dimensional coordinate plane generated by the axes
xi1, . . . , xin−k , where
{i1, . . . , in−k} = J.
It is easy to see that p(YJ )⊂ Cn−k and the map
p :Yj → Cn−k
is closed. Recall that dimCn−k = 0 and Theorem 5 implies the existence of y ∈ Cn−k ⊂
R
n−k such that dimp−1(y)= k. We have p−1(y)⊂ lJ (y) and lJ (y) is homeomorphic to
Ik . The equality dimp−1(y)= k shows that the interior of p−1(y) in lJ (y) is not empty,
i.e., p−1(y) contains a subset homeomorphic to Ik .
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3.4. Proof of Theorem 10. This will be based on the following.
Lemma 12 (K.A. Sitnikov). Let X = ⋃i∈NXi and {Xi} be a denumerable family of
nonintersecting closed nowhere dense subsets of Rn. Then dimRn \X  n− 1.
Assume that our statement fails. Then there exists a subset Y homeomorphic to Ik and
such that
dimY ∩Cnk < k.
For any i ∈ N define Yi = Y ∩ Cnk (i). Then Y =
⋃
i∈N Yi and {Yi}i∈N is a denumerable
family of nonintersecting compact nowhere dense subsets of Y (see Section 1). Lemma 12
implies the inequality
dim
(
Y \ (Y ∩Cnk
))= Y ∩ Fnk  k − 1.
Proposition 8 shows that in the case n < 2k we have
dimFnk < k − 1.
Therefore, our hypothesis does not hold.
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